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Equations {1} and (4) are substituted in equation {5} and
starting with nominal values of Re and %, equations (5)
and (6) are solved iteratively. The corresponding heat trans-
fer coefficient is obtained by integrating the energy conserva-
tion equation;

h (V*\Y Pro™Y
k (‘9 SR )
where
&t dy+
F{é*)zJ . ®)
° w7t F;:(E;‘ - 1)

Figure 1 compares our predictions with the Chun-Seban
experiments. Data was obtained at four saturation tem-
peratures: 28, 38, 62 and 100°C; the corresponding liquid
Prandtl numbers were 57, 51, 291 and 1-77 respectively.
The agreement is seen to be excellent. At 28°C we are in
effect demonstrating the consistency of the experimental
data on which our calculation procedure is based. The
good agreement at other temperatures confirms that the
scaling with surface tension in equation (3} is appropriate.
We note further that (i) y; varied from 0-3 8% to 0:855" as
Re increased through the range considered, and (ii) the gas
absorption experiments showed the mass transfer coefficient
to be proportional to Re®®; thus the result k, oc Re®* isnot
unexpected despite the fact that the near wall transport
model suggests k, oc Re®2 Figure 1 of course applies to
turbulent film condensation as well. Extension of this work

Int. J. Heat Mass Transfer.
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to include the effects of vapor drag must await the avw!
ability of appropriate gas absorption experimental data.
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NOMENCLATURE
Br, Brinkman number, pUZ/K(T; — T} = PrEc;
Cps specific heat at constant pressure;
hh, specific enthalpy and local heat transfer co-

efficient, respectively;
k, thermal conductivity;

P local axial pressure;

g, heat flux vector;

R X, radial and axial coordinates;

R, pipe radius;

T, To, T.» gas temperature, uniform gas temperature at

thermal entrance and constant wall tempera-
ture, respectively;
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U,U,, gas velocity and mean gas velocity in X-direc-
tion;

[T absolute viscosity and Joule-Thomson coeffici-
ent, (8T/dp)y;

o, gas density;

D, viscous dissipation function.

1. INTRODUCTION

Fr 15 known that the Joule-Thomson effects are important
only at low enough temperatures and high enough pressures
and a positive or negative Joule-Thomson coefficient results
from the departure of real gases from the perfect-gas be-
haviour. For many engineering applications, the Joule .
Thomson effect may be negligible but for applications such
asarctic gaspipeline its effect becomes of primary importance.
As a matter of fact, the Joule~Thomson effect was confirmed
in the experimental investigations carried out by a con-
sortium of oil industries in the arctic test facilities using air
as test gas.

The purpose of this paper is to study the Joule-Thomson
effects on thermal entrance region heat transfer for fully-
developed laminar gas flows in pipes with uniform wall
temperature.

2. THEORETICAL ANALYSIS

The assumptions and formulation of the Graetz problem
with uniform wall temperature {1] are well-known and need
not be repeated here. For gas flows in pipes, the pressure
work is of the same order as the viscous dissipation and both
effects should be accountéd for in the analysis. The energy
equation in terms of enthalpy [2] may be written as

Dh . Dp
Por = Vq+Dt+p<I>. 1))
The thermodynamic equation for the difference in specific
enthalpy between two neighboring equilibrium states in
terms of the Joule-Thomson coefficient is [3]

dh = ¢, dT — pyc,dp where u; = {0T/dp);.

For constant-property gas and noting that all thermo-
dynamic functions such as temperature, enthalpy, etc, may
retain their classical meaning even though the gas is in
motion, then

Dh DT Dp
Dt~ br T M Dy @

Substitution of equation {2) into (1) vields

DT D
Pe T = KT + (L4 peu) oo+ 6 (3)

For the Graetz problem dealing with the steady fully-de-
veloped laminar gas flow, the energy equation in terms of
cylindrical coordinates becomes
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T 19 (. oT
Rl S § - Sl
PoU sx = raR (R ax)

dp av)z
U+ pl—]. 4
+ (1 + peypy) ax t# (aR “@
It is convenient to render equation (4) dimensionless by use
of the following definitions:

r = R/Ry, x = X/RoRePr, u=U/2U,) = (1 ~r?),
§=AT -~ T)T; ~ L),
Re = p2RoU, )i, Pr = culk, Ec = U3ey (Ty — T,),
Eu,= (T, — T)u;)/oU; where U, = —(R¥/8p)(dp/dX).

Thus equation (4) becomes

0 13/ 00 Pr 2\
o= - bl Bl PE —-— - 5
“ax . ar('ar> 16 ( rEc + Eu,)u + 4PrEc (ar) (5)

with boundary conditions
H0,r) = 1, B(x, 1) = 0, 9(x, 0)/dr = 0. (6)

In view of the definition for Joule-Thomson coefficient
4y = (8T /0p),, the new chbaracteristic parameter Eu, corres-
ponding to Euler number in flow problem appears in the
present thermal convection problem and it may be called
“thermal Euler number”. It is seen that the pressure drop
in Euler number is simply replaced here by the equivalent
pressure drop (T — T,)/u; corresponding to the tempera-
ture change (T, — T,). It is noteworthy that the thermal
Euler number is also related to Eckert number by the rela-
tionship(1/Eu) = (pc,uj) Ec = (8T/0p)y pUZ ATy — T,).De-
pending on the sign of (T, — T,), both Eckert number and
thermal Euler number can be positive (cooling) or negative
(heating). It can be seen from equation (4) that viscous
dissipation acts as a distributed heat source and pressure
work becomes a distributed heat sink. Also, depending on
the sign of Joule-Thomson coefficient y;, the term involving
#; acts as a distributed heat sink {u; = positive) or source
{u; = negative).

Excluding the region near the entrance, the problem is
most conveniently solved by the Graetz method [4] using
superposition theory. It can be shown that the solution is
obtained in the following form.

o0

P
9= E (C. + PrECK, + é L,)Y,(r) exp (~ i2x)
't

a=1

-{1-7) {(3 - rz)—{)f- +21-7rY) PrEc} (7
Ey,

where C, = — 2/4(3Y/8A )= 1, Ky = — 32120, /04, = 1 —
(32/4,) o Y1) Arf@Y,[or-0Y,/A4,), -y, L, = — 32/A3DY,/
d4,),

nir=1+

The eigenvalues AZ and eigenfunctions Y,(r) satisfy the
Sturm-Liouville system [5]. Using the first eleven values
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for 4,, (0Y,/04,), - and (8Y,/0r),. listed by Brown [5], the
coefficients C,, K, and L, are computed and the values are
given in Table 1.

The bulk temperature and Nusselt number are of interest in
design.

1 Y
9, = 4§ 0urdr = — 4 E C, + PrEcK, +-£7rL,, (1/32)
t
0 n=1

dY,(1)/dr-exp( — A2x) — PrEc ~ (11/6)(Pr/Eu)  (8)

9)

For long pipes, one is particularly interested in the following
asymptotic results.

0,; = — [PrEc + (11/6)Pr/Eu,]

Nu = 2RA/K) = — 236/dr),../0,

= — PrEc[1 + (11/6) pc,p,] (10)
Nu, = (8Pr/Eu,)/{PrEc + (11/6)(Pr/Eu,)]
= 8 pepy/[1 + (11/6)pcuy]. (11)

The three limiting cases of the above general results are
of special interest. The classical Graetz solution is obtained
by setting Ec — 0 and Eu, — oo {or y; — 0) with the limiting
Nusselt number of 3-66 obtained by considering the first
term of the series. For Brinkman problem [6] applicable to
liquid only, the term involving Udp/dX in equation (4)
vanishes with p c,u; = — 1. Thus the asymptotic Nusselt
number is 9-6. For gases with pressure work and viscous
dissipation effects but without Joule-Thomson effect (u; =
0), one simply obtains Nu, = 0. It is interesting to note that
the bulk temperature 6,, vanishes when pcu; = — 6/11
and positive and negative Joule-Thomson coefficients have
different effect on bulk temperature.

3. RESULTS

Because of space limitation, only Nusselt number results
for representative parametric values will be presented here.
The Joule-Thomson effects on local Nusselt number varia-
tions are shown in Fig. 1 for PrEc = 0-1 and 1-0 (cooling)
and in Fig. 2 for PrEc = — 01 and — 1-0 (heating) with
Pr/Eu, or (pcyuy) PrEc as parameter. It is noted that for
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nitrogen, for example, the value of the parameter pc,u, may
vary approximately from 0-01 to 0-9 for gas pressure raneing
from O to 800 psia. The decrease of Nusselt number with
axial distance such as that in Leveque solution region of the
Graetz problem is known to be entrance effect.

In Fig. 1, one notes that a minimum Nusselt number
appears at some axial distance and from that point onward
the Nusselt number increases until a singularity corres-
ponding to zero bulk temperature (8, = 0) is approached.
After passing the singularity the Nusselt number becomes
zero (30/0r = 0) at a further downstream position signifying
the change of direction of heat transfer at wall. This is
apparently caused by cooling effect due to internal distri-
buted heat sinks. Without Joule-Thomson effect, the asymp-
totic Nusselt number is zero but with Joule-Thomson etfect
the asymptotic Nusselt number is given by equation (11).
Physically, the minimum Nusselt number represents the
balance between the entrance effect and the combined pres-
sure work, viscous dissipation and Joule-Thomson effects
and after occurrence the combined three effects dominate.
This observation is also confirmed by the fact that up to the
point of minimum Nusselt number the Joule-Thomson
effect is seen to be relatively insignificant. In contrast, the
Joule-Thomson effect becomes significant as the asymptotic
condition is approached. The different trends in Nusselt
number behaviour shown in the inset, for example, at
x =5 x 1073 and 1072 can be traced to the relative magni-
tudes of (96/0r), -, and 6, in the definition for Nusselt number.

The Joule-Thomson effect as an additional cooling effect
is clearly seen in Fig. 2 for heating case. With PrEc = — 01
the local Nusselt number decreases monotonically from
entrance value to an asymptotic value. Noting that the
asymptotic Nusselt number is independent of Pric, the
minimum Nusselt number appears with PrEc = —1-0.

It should be pointed out that for application in arctic
natural gas pipeline the flow is turbulent. In view of the
difficulty in solving turbulent heat convection problem with
Joule-Thomson effects, the present result on laminar flow
can provide a useful guide in correlating experimental data
for turbulent flow with Joule-Thomson effects.
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Table 1. Coefficients C,, K, and L,

C,: 1-476435 (n=1) —0-806124
0-405022 —0-355757
0-267891 —0-249063
K,: 1-876600 (n=1) 0-214896
—0-0667903 0-0485528
—0-0232336 0-0191012
L, 3230011 (n=1) —0-289131
0-0185916 ~0-0110765
0-00356631 000266519

0-588762 —0-475850
0-319169 ~0-290736
0233228 (n=11)
—0-149489 0-0969863
~0-0368237 0-0288679
—0-0159816 (n=11)
0-0826906 —0-0353725
0-00718023 —0-00494582

0-00204975 (n=11
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